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We propose a quantum heat engine based on an Aharonov-Bohm interferometer in a two-terminal
geometry, and investigate its thermoelectric performances in the linear response regime. Sizeable
thermopower (up to ∼ 0.3 mV/K) as well as ZT values largely exceeding unity can be achieved
for suitable system parameters and temperature bias across the interferometer leading to thermal
efficiency at maximum power approaching 30% of the Carnot limit. This is close to the optimal effi-
ciency at maximum power achievable for a two-terminal heat engine. Changing either the magnetic
flux or a bias voltage through a capacitively-coupled electrode allow to finely tune the quantum heat
engine performance. Despite the simplicity of the setup, the high performances of the engine are
stable over a wide range of temperatures and length imbalances, promising towards experimental
realization.
Introduction– The investigation of thermal properties
and heat transport at the nanoscale has garnered an im-
pressive attention in the last few years [1–4]. Strong
advances achieved so far have proven a deeper under-
standing of the fundamental processes governing thermal
transport and dynamics in solid-state nano-systems, from
both the theoretical [5–18] and experimental side [19–26].
A very relevant question is related to establish if, and up
to which extent, quantum effects do play a role in setting
and controlling the performance of nano-sized heat en-
gines, for instance, their conversion efficiency and output
power [27–29]. Albeit classical thermodynamics turns
out to hold at the microscale, it is well established that
quantum effects and phase coherence may have a pro-
found impact on the overall behavior of nanoscopic heat
engines. In the above context, the celebrated Aharonov-
Bohm effect [30], i.e., the quantum mechanical property
for which a charged particle can be influenced by either
electric or magnetic potentials, may represent the proto-
typical building block for the realization of efficient quan-
tum heat engines.
Here we envision and analyze a solid-state phase-
coherent heat engine based on a mesoscopic Aharonov-
Bohm (AB) interferometer, as shown in Fig. 1. Our pro-
posal has a number of peculiar and attractive features: i)
The engine is able to provide continuous heat extraction
thanks to the existence of the AB effect, the latter being
a purely quantum phenomenon; ii) The system can oper-
ate as an ideal heat switch providing precise modulation
of its thermal conductance κth from a thermally insulat-
ing to the conducting state. iii) The Seebeck coefficient
S (thermopower) can be large, i.e., of several hundreds
of µV/K for suitable system parameters and temperature
bias across the interferometer, and of both positive and
negative sign whereas the dimensionless figure of merit
ZT obtains values largely exceeding unity; iv) The heat
engine efficiency at maximum power approaches 30% of
the Carnot efficiency, which is close to the theoretical
optimum [28]. Properties i)-iv) can be finely tuned by
changing either a magnetic flux piercing the interferome-
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FIG. 1. a) Scheme of the two-terminal Aharonov-Bohm (AB)
quantum heat engine. L1 and L2 denote the lengths of the
arms of the interferometer whereas Thot and Tcold are the tem-
peratures of the hot and cold reservoirs. ΦAB is the magnetic
flux piercing the loop, Vg is the gate voltage, and J is the heat
current flowing through the system. The AB interferometer is
connected to a generic load resistor RL through dissipation-
less (superconducting) wires. V and Ic represent the thermo-
voltage developed across the AB ring, and the thermocurrent
circulating in the circuit, respectively. b) Energy-dependent
transmission probability TAB of the AB ring for fixed values
of Vg and ΦAB and L, and different ring asymmetries δL.
ter loop or a voltage bias through a capacitively-coupled
gate electrode. As the engine working principle is purely
quantum, the AB setup is a clear example that quantum
mechanics can be rather advantageous for the realiza-
tion of efficient thermal machines. Yet, the AB inter-
ferometer represents the archetypal quantum platform in
mesoscopic physics which has been largely investigated
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2so far both from the theoretical [31–35] and experimen-
tal [36–39] side since it can be easily realized with current
state-of-the-art nano-fabrication techniques and available
materials. In light of the above considerations, the AB
engine has the potential to pave the avenue to the real-
ization of a novel class of phase-tunable quantum ma-
chines ranging from thermal rectifiers [24, 40–45] and
autonomous heat engines [46–49] to driven Floquet heat
engines [50–55].
Transmission probability– We consider a two-terminal
geometry consisting of an AB ring connected to two
metallic reservoirs through T-junctions. The interferom-
eter is threaded by a magnetic field that leads to an en-
closed magnetic flux ΦAB and is gated via an external
voltage Vg, see Fig. 1. The transmission amplitude con-
sists of the sum of several types of trajectories, coming
from the possibility of the electrons to be transmitted
and reflected at each T-junction. Starting from Refs.
[31, 33, 56], assuming fully transparent T-junctions for
the incoming and outgoing leads and extending the re-
sults for asymmetric AB arms lengths, we derive the most
general expression of the transmission probability TAB
for the AB ring:
TAB =
1− cosχ cos δχ+ cos(2piΦAB/Φ0) (cos δχ− cosχ)
sin2 χ+
(
cosχ− cos δχ+cos(2piΦAB/Φ0)2
)2
(1)
Here χ = χ1 + χ2 and δχ = χ1 − χ2, where χi = kiLi
are the dynamical phases that electrons acquire while
traveling in each arm i = 1, 2, ki being the wave vec-
tor and Li the length of the corresponding arm. The
AB flux is 2piΦAB/Φ0 with the flux quantum Φ0 = h/e.
The energy-dependence of TAB is put in evidence by lin-
earizing the spectrum around the Fermi energy µ. Tak-
ing into account an additional voltage gate Vg applied
onto the lower arm and the possibility to tune the Fermi
wave vector with some energy offsets applied onto each
arm (kµ → k˜µ), the wave vectors for electrons travelling
through the upper and lower arms are respectively given
by
k1(E) = k˜µ +
E − µ
~vd
, k2(E) = k˜µ +
E − (µ+ eVg)
~vd
.(2)
For an asymmetric AB ring, the difference and sum of
the dynamical phases then read:
χ1 + χ2 = (2L+ δL)
(
k˜µ +
E − µ
~vd
)
− eVgL
~vd
(3)
χ1 − χ2 = δL
(
k˜µ +
E − µ
~vd
)
+
eVgL
~vd
. (4)
Here we have defined L1 ≡ L + δL and L2 ≡ L, and vd
the electronic drift velocity. Inserting Eqs. (3) and (4)
into Eq. (1), we obtain the energy-dependent transmis-
sion probability, as a function of the arm’s length L and
asymmetry of the ring δL, and as a function of the tuning
parameters, the AB flux ΦAB/Φ0 and the gate voltage Vg.
Figure 1 illustrates the strong energy asymmetry of the
transmission probability in presence of both an imbal-
ance in the arms and a finite external voltage Vg, crucial
for reaching strong thermoelectric effects. Without one
of these specificities, the AB ring can not be considered
as promising quantum heat engine.
Thermoelectric properties– In the linear response
regime valid when Thot − Tcold ≡ ∆T  T ≡ (Thot +
Tcold)/2, and within a Landauer-Bu¨ttiker formalism, the
charge and heat currents, respectively I and J , are re-
lated to a voltage bias ∆V and temperature bias ∆T by
the transport coefficients [27, 29]:(
I
J
)
=
(
G L
M K
)(
∆V
∆T
)
. (5)
These coefficients take the explicit form G = 2e2I0, L =
2eI1/T,K = 2I2/T with the integrals
In =
1
h
∫ ∞
−∞
dE (E − µ)n TAB(E)
(
− ∂f
∂E
)
n = 0, 1, 2 .
The factor 2 in the transport coefficients accounts for
spin-degeneracy, and the Fermi distribution’s derivative
is (−∂f/∂E) =
[
4kBT cosh
2[(E − µ)/(2kBT )]
]−1
. The
coefficients G,L,K fully determine the thermal conduc-
tance κth , as well as the thermo-electric response of the
device, i.e., the Seebeck coefficient S:
κth =
J
∆T
∣∣∣∣
I=0
= −(K + S2GT ) (6)
S =
∆V
∆T
∣∣∣∣
I=0
= −L
G
. (7)
In addition to the AB flux and the gate volatge Vg, we
also investigate the transport and thermoelectric prop-
erties of the gated AB ring as a function of the average
temperature T , and the length and imbalance of the ring,
L and δL. Figure 2, panel a), shows the electrical and
thermal conductances, as well as the Seebeck coefficient
for a fixed length of L = 2µm and δL/L = 0.3 at tem-
perature T = 500 mK. We note that both conductances
show a similar behaviour as a function of the parame-
ters. They reach maximal (minimal) values, indicating
that the AB ring can also serve to fully control heat cur-
rents towards phase-coherent caloritronics (i.e., behaving
as an ideal heat switch), using both Vg and the AB flux
[3]. Specific to thermoelectricity, the Seebeck coefficient
is of high importance. As a function of Vg, it exhibits
a strong asymmetry, taking both positive and negative
values. This reflects whether electron- or hole-like exci-
tations contribute predominantly. Remarkably, it reaches
values as high as 300 µV/K, twice the values obtained by
operating a Mach-Zehnder interferometer as heat engine
[11], and several times larger than earlier devices based
on tunneling quantum dots [8] and chaotic cavities [7].
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2
<latexit sha1_base64="UUb8 Kz17eE1R6FyuGqU/dQhbsTQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh 69LBbBg5SkCnosePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvP lv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2j pOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6 Ed0KHnIGTVWatb65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56b mL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+n shopPUkCmxnRM1IL3sz8T+vm5rwxs+4TFKDki0WhakgJiazr8mAK 2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtGtV77Jaa15V6hd5HEU4 gVM4Bw+uoQ530IAWMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AXbR jKQ=</latexit>
3
<latexit sha1_base64="4LC7 uBqjYrKZQCLexnDzyReyniU=">AAAB6HicbVDLSgNBEOyNrxhfUY 9eBoPgQcJuIugx4MVjAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG /+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6ftH ScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv77SdUmsfywUwS9 CM6lDzkjBorNar9YsktuwuQdeJlpAQZ6v3iV28QszRCaZigWnc9N zH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9P TGlkdaTKLCdETUjverNxf+8bmrCW3/KZZIalGy5KEwFMTGZf00GX CEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFUpe9VypXFdql1lceTh DM7hEjy4gRrcQx2awADhGV7hzXl0Xpx352PZmnOymVP4A+fzB3hV jKU=</latexit>
4
<latexit sha1_base64="ud69 VEI4g0/Hc8Kff9d/w0dHW30=">AAAB6HicbVDLSgNBEOyNrxhfUY 9eBoPgQcJuDOgx4MVjAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG /+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6ftH ScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv77SdUmsfywUwS9 CM6lDzkjBorNar9YsktuwuQdeJlpAQZ6v3iV28QszRCaZigWnc9N zH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9P TGlkdaTKLCdETUjverNxf+8bmrCW3/KZZIalGy5KEwFMTGZf00GX CEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFUpe9flSqNaql1lceTh DM7hEjy4gRrcQx2awADhGV7hzXl0Xpx352PZmnOymVP4A+fzB3nZ jKY=</latexit>
<latexit sha1 _base64="KJa6pDgxxeogIDVid SgL+lobpZs=">AAAB6HicbVBNS 8NAEJ3Ur1q/qh69LBbBg5SkCno sePHYgq2FNpTNdtKu3WzC7kYoo b/AiwdFvPqTvPlv3LY5aOuDgcd 7M8zMCxLBtXHdb6ewtr6xuVXcL u3s7u0flA+P2jpOFcMWi0WsOgH VKLjEluFGYCdRSKNA4EMwvp35 D0+oNI/lvZkk6Ed0KHnIGTVWar r9csWtunOQVeLlpAI5Gv3yV28Q szRCaZigWnc9NzF+RpXhTOC01E s1JpSN6RC7lkoaofaz+aFTcmaV AQljZUsaMld/T2Q00noSBbYzom akl72Z+J/XTU1442dcJqlByRaL wlQQE5PZ12TAFTIjJpZQpri9l bARVZQZm03JhuAtv7xK2rWqd1m tNa8q9Ys8jiKcwCmcgwfXUIc7a EALGCA8wyu8OY/Oi/PufCxaC04 +cwx/4Hz+AHPJjKI=</latexit >
1
<latexit sha1 _base64="58N8iZhPhP8YbIeRp qOkwM6Xbak=">AAAB6HicbVBNS 8NAEJ3Ur1q/qh69LBbBg5SkCno sePHYgq2FNpTNdtKu3WzC7kYoo b/AiwdFvPqTvPlv3LY5aOuDgcd 7M8zMCxLBtXHdb6ewtr6xuVXcL u3s7u0flA+P2jpOFcMWi0WsOgH VKLjEluFGYCdRSKNA4EMwvp35 D0+oNI/lvZkk6Ed0KHnIGTVWan r9csWtunOQVeLlpAI5Gv3yV28Q szRCaZigWnc9NzF+RpXhTOC01E s1JpSN6RC7lkoaofaz+aFTcmaV AQljZUsaMld/T2Q00noSBbYzom akl72Z+J/XTU1442dcJqlByRaL wlQQE5PZ12TAFTIjJpZQpri9l bARVZQZm03JhuAtv7xK2rWqd1m tNa8q9Ys8jiKcwCmcgwfXUIc7a EALGCA8wyu8OY/Oi/PufCxaC04 +cwx/4Hz+AHVNjKM=</latexit >
.5
<latexit sha1 _base64="sNws6NnF+B6mX7riS /eX2j6+yKo=">AAAB6nicbVBNS 8NAEJ34WetX1aOXxSJ4kJBURY8 FLx4r2g9oQ9lsN+3SzSbsToRS+ hO8eFDEq7/Im//GbZuDtj4YeLw 3w8y8MJXCoOd9Oyura+sbm4Wt4 vbO7t5+6eCwYZJMM15niUx0K6S GS6F4HQVK3ko1p3EoeTMc3k79 5hPXRiTqEUcpD2LaVyISjKKVHj z3qlsqe643A1kmfk7KkKPWLX11 egnLYq6QSWpM2/dSDMZUo2CST4 qdzPCUsiHt87alisbcBOPZqRNy apUeiRJtSyGZqb8nxjQ2ZhSHtj OmODCL3lT8z2tnGN0EY6HSDLli 80VRJgkmZPo36QnNGcqRJZRpY W8lbEA1ZWjTKdoQ/MWXl0mj4vo XbuX+slw9z+MowDGcwBn4cA1Vu IMa1IFBH57hFd4c6bw4787HvHX FyWeO4A+czx9UPI0Z</latexit >
th [W/K]
<latexit sha1_base64="RGqCnfAsLS3P6AlX+m7vVCkomBA="> AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFcSE2qoMuCG8FNBfuAJITJdNIOnUyGmYkQQv0VNy4UceuHuPNvnLZZaOuBC4dz7uXeeyLBqNKO 822trK6tb2xWtqrbO7t7+/bBYVelmcSkg1OWyn6EFGGUk46mmpG+kAQlESO9aHwz9XuPRCqa8gedCxIkaMhpTDHSRgrtmj9GQqCw0KO Jfwa93vldENp1p+HMAJeJW5I6KNEO7S9/kOIsIVxjhpTyXEfooEBSU8zIpOpnigiEx2hIPEM5SogKitnxE3hilAGMU2mKazhTf08UKFE qTyLTmSA9UoveVPzP8zIdXwcF5SLThOP5ojhjUKdwmgQcUEmwZrkhCEtqboV4hCTC2uRVNSG4iy8vk26z4V40mveX9VazjKMCjsAxOA UuuAItcAvaoAMwyMEzeAVv1pP1Yr1bH/PWFaucqYE/sD5/ANAUlCo=</latexit>
Seebeck [µV/K]
<latexit sha1_base64="jOJ3peP0ou41/PHIxPG6oDqQflg="> AAACBnicbVDJSgNBEO2JW4xb1KMIjUHwIHEmCnoMeBG8RDQLZIbQ06kkTXoWumvEMOTkxV/x4kERr36DN//GznLQxAcFj/eqqKrnx1Jo tO1vK7OwuLS8kl3Nra1vbG7lt3dqOkoUhyqPZKQaPtMgRQhVFCihEStggS+h7vcvR379HpQWUXiHgxi8gHVD0RGcoZFa+X0X4QHTWwA feH9I3WPadIOE1ugJvfZa+YJdtMeg88SZkgKZotLKf7ntiCcBhMgl07rp2DF6KVMouIRhzk00xIz3WReahoYsAO2l4zeG9NAobdqJlKk Q6Vj9PZGyQOtB4JvOgGFPz3oj8T+vmWDnwktFGCcIIZ8s6iSSYkRHmdC2UMBRDgxhXAlzK+U9phhHk1zOhODMvjxPaqWic1os3ZwVyq VpHFmyRw7IEXHIOSmTK1IhVcLJI3kmr+TNerJerHfrY9KasaYzu+QPrM8fB3GXeg==</latexit>
a)
<latexit sha1 _base64="KjHGGi9N5goRlk2ES /hR0gdjvww=">AAAB6XicbVBNS 8NAEJ34WetX1aOXxSLopSS1oMe CF49V7Ae0oWy2m3bpZhN2J0IJ/ QdePCji1X/kzX/jts1BWx8MPN6 bYWZekEhh0HW/nbX1jc2t7cJOc Xdv/+CwdHTcMnGqGW+yWMa6E1D DpVC8iQIl7ySa0yiQvB2Mb2d+ +4lrI2L1iJOE+xEdKhEKRtFKD/ SyXyq7FXcOskq8nJQhR6Nf+uoN YpZGXCGT1Jiu5yboZ1SjYJJPi7 3U8ISyMR3yrqWKRtz42fzSKTm3 yoCEsbalkMzV3xMZjYyZRIHtjC iOzLI3E//zuimGN34mVJIiV2yx KEwlwZjM3iYDoTlDObGEMi3sr YSNqKYMbThFG4K3/PIqaVUr3lW lel8r12t5HAU4hTO4AA+uoQ530 IAmMAjhGV7hzRk7L86787FoXXP ymRP4A+fzByPtjQ4=</latexit >
b)
<latexit sha1 _base64="CMTkfLHi4GBjvDygS DIyys/HAME=">AAAB6XicbVBNS 8NAEJ34WetX1aOXxSLopSS1oMe CF49V7Ae0oWy2m3bpZhN2J0IJ/ QdePCji1X/kzX/jts1BWx8MPN6 bYWZekEhh0HW/nbX1jc2t7cJOc Xdv/+CwdHTcMnGqGW+yWMa6E1D DpVC8iQIl7ySa0yiQvB2Mb2d+ +4lrI2L1iJOE+xEdKhEKRtFKD8 Flv1R2K+4cZJV4OSlDjka/9NUb xCyNuEImqTFdz03Qz6hGwSSfFn up4QllYzrkXUsVjbjxs/mlU3Ju lQEJY21LIZmrvycyGhkziQLbGV EcmWVvJv7ndVMMb/xMqCRFrthi UZhKgjGZvU0GQnOGcmIJZVrYW wkbUU0Z2nCKNgRv+eVV0qpWvKt K9b5WrtfyOApwCmdwAR5cQx3uo AFNYBDCM7zCmzN2Xpx352PRuub kMyfwB87nDyVyjQ8=</latexit >
2⇡
<latexit sha1_base64="o2we 4ogH9qdH/pDB9nLErX3Xy3g=">AAAB7HicbVBNS8NAEJ34WetX1a OXxSJ4kJJUQY8FLx4rmLbQhrLZTtqlm03Y3Qgl9Dd48aCIV3+QN/ +N2zYHbX0w8Hhvhpl5YSq4Nq777aytb2xubZd2yrt7+weHlaPjlk 4yxdBniUhUJ6QaBZfoG24EdlKFNA4FtsPx3cxvP6HSPJGPZpJiE NOh5BFn1FjJr5NeyvuVqltz5yCrxCtIFQo0+5Wv3iBhWYzSMEG17 npuaoKcKsOZwGm5l2lMKRvTIXYtlTRGHeTzY6fk3CoDEiXKljRkr v6eyGms9SQObWdMzUgvezPxP6+bmeg2yLlMM4OSLRZFmSAmIbPPy YArZEZMLKFMcXsrYSOqKDM2n7INwVt+eZW06jXvqlZ/uK42Los4 SnAKZ3ABHtxAA+6hCT4w4PAMr/DmSOfFeXc+Fq1rTjFzAn/gfP4A Eb6OIQ==</latexit>
0
<latexit sha1_base64="KJa6 pDgxxeogIDVidSgL+lobpZs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh 69LBbBg5SkCnosePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvP lv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2j pOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6 Ed0KHnIGTVWarr9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9N zF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T 2Q00noSBbYzomakl72Z+J/XTU1442dcJqlByRaLwlQQE5PZ12TAF TIjJpZQpri9lbARVZQZm03JhuAtv7xK2rWqd1mtNa8q9Ys8jiKc wCmcgwfXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AHPJ jKI=</latexit>
⇡
<latexit sha1_base64="hRHX b1qZN9DW23SWptFWm95EBbs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh 69LBbBg5SkCnosePFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3v w3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlo lTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3 I/oUIlQMIpWeuglol+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYr ucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1 d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzP4mA 6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmnVqt5ltXZ/Valf5HEU 4QRO4Rw8uIY63EEDmsBgCM/wCm+OdF6cd+dj0Vpw8plj+APn8wdK bY27</latexit>
2⇡
<latexit sha1_base64="o2we4ogH9qdH/pDB9nLErX3Xy3g="> AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4kJJUQY8FLx4rmLbQhrLZTtqlm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq77 7aytb2xubZd2yrt7+weHlaPjlk4yxdBniUhUJ6QaBZfoG24EdlKFNA4FtsPx3cxvP6HSPJGPZpJiENOh5BFn1FjJr5NeyvuVqltz5yC rxCtIFQo0+5Wv3iBhWYzSMEG17npuaoKcKsOZwGm5l2lMKRvTIXYtlTRGHeTzY6fk3CoDEiXKljRkrv6eyGms9SQObWdMzUgvezPxP6+ bmeg2yLlMM4OSLRZFmSAmIbPPyYArZEZMLKFMcXsrYSOqKDM2n7INwVt+eZW06jXvqlZ/uK42Los4SnAKZ3ABHtxAA+6hCT4w4PAMr/ DmSOfFeXc+Fq1rTjFzAn/gfP4AEb6OIQ==</latexit>
0
<latexit sha1_base64="KJa6pDgxxeogIDVidSgL+lobpZs="> AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCnosePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHd b6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWarr9csWtunOQVeL lpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU1 442dcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2rWqd1mtNa8q9Ys8jiKcwCmcgwfXUIc7aEALGCA8wyu8OY /Oi/PufCxaC04+cwx/4Hz+AHPJjKI=</latexit>
⇡
<latexit sha1_base64="hRHXb1qZN9DW23SWptFWm95EBbs="> AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCnosePFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl33 2ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWeuglol+uuFV3DrJ KvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87o phjd+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmnVqt5ltXZ/Valf5HEU4QRO4Rw8uIY63EEDmsBgCM/wCm +OdF6cd+dj0Vpw8plj+APn8wdKbY27</latexit>
1
<latexit sha1_base64="U7NivmglaBOVxegVuZW4ILBW+pM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCnosePFY0X5AG8pm u2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWevBct1+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6 likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmnVqt5ltXZ/Valf5HEU4QRO4Rw8uIY63EEDmsBgCM/wCm+OdF6cd+dj0Vpw8plj+APn8wdROI0X</latexit>
200
<latexit sha1_base64="jhzURtShbCP7Fye6AeJuhZYZjnc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCnosePFY0X5AG8pm u2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWeqi5br9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1 LFY248bP5qVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDG/8TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlVdKqVb3Lau3+qlK/yOMowgmcwjl4cA11uIMGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w9Svo0Y</latexit>
 2 0
<latexit sha1_base64="ob0Tx+2aNJSNTZgllZvyqIGwTMc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5YkCnosePFYwX5AG8pm u2mX7m7C7kYooX/BiwdFvPqHvPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaEtEvNYdUOsKWeStgwznHYTRbEIOe2Ek7vc7zxRpVksH800oYHAI8kiRrDJpUvfdQfVmlt350CrxCtIDQo0B9Wv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7R nqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQbZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0/bp3VfcfrmuNiyKOMpzAKZyDBzfQgHtoQgsIjOEZXuHNEc6L8+58LFpLTjFzDH/gfP4AvGGNTw==</latexit>
5
<latexit sha1_base64="O81H bD3PcBeCTub0ATBmTFuPxYc=">AAAB6HicbVDLSgNBEOyNrxhfUY 9eBoPgQcJuVPQY8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kj f/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+Pmj pOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c381hMqzWP5YMYJ+ hEdSB5yRo2V6te9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8N zH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9P TGhkdbjKLCdETVDvezNxP+8TmrCW3/CZZIalGyxKEwFMTGZfU36X CEzYmwJZYrbWwkbUkWZsdkUbAje8surpFkpe5flSv2qVL3I4sjD CZzCOXhwA1W4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD3td jKc=</latexit>
6
<latexit sha1_base64="QVwm LucC8fTUWQPzJ9PlDmpMJJ4=">AAAB6HicbVDLSgNBEOyNrxhfUY 9eBoPgQcJuFPUY8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kj f/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+Pmj pOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c381hMqzWP5YMYJ+ hEdSB5yRo2V6te9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8N zH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9P TGhkdbjKLCdETVDvezNxP+8TmrCW3/CZZIalGyxKEwFMTGZfU36X CEzYmwJZYrbWwkbUkWZsdkUbAje8surpFkpe5flSv2qVL3I4sjD CZzCOXhwA1W4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD3zh jKg=</latexit>
 100
<latexit sha1_base64="J727gAPZdGdfdYRYn/C/J90gQWM="> AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5akCnosePFYwbSFNpTNdtMu3d2E3Y1QQv+CFw+KePUPefPfuGlz0NYHA4/3ZpiZFyacaeO6 305pbX1jc6u8XdnZ3ds/qB4etXWcKkJ9EvNYdUOsKWeS+oYZTruJoliEnHbCyV3ud56o0iyWj2aa0EDgkWQRI9jk0qXnuoNqza27c6B V4hWkBgVag+pXfxiTVFBpCMda9zw3MUGGlWGE01mln2qaYDLBI9qzVGJBdZDNb52hM6sMURQrW9Kgufp7IsNC66kIbafAZqyXvVz8z+u lJroNMiaT1FBJFouilCMTo/xxNGSKEsOnlmCimL0VkTFWmBgbT8WG4C2/vErajbp3VW88XNeaF0UcZTiBUzgHD26gCffQAh8IjOEZXu HNEc6L8+58LFpLTjFzDH/gfP4AutuNTg==</latexit>
0
<latexit sha1_base64="KJa6pDgxxeogIDVidSgL+lobpZs="> AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCnosePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHd b6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWarr9csWtunOQVeL lpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU1 442dcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2rWqd1mtNa8q9Ys8jiKcwCmcgwfXUIc7aEALGCA8wyu8OY /Oi/PufCxaC04+cwx/4Hz+AHPJjKI=</latexit>
100
<latexit sha1_base64="U7NivmglaBOVxegVuZW4ILBW+pM="> AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCnosePFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl33 2ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWevBct1+uuFV3DrJ KvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87o phjd+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmnVqt5ltXZ/Valf5HEU4QRO4Rw8uIY63EEDmsBgCM/wCm +OdF6cd+dj0Vpw8plj+APn8wdROI0X</latexit>
2
<latexit sha1_base64="jhzURtShbCP7Fye6AeJuhZYZjnc="> AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCnosePFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl33 2ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWeqi5br9ccavuHGS VeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5qVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53V TDG/8TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlVdKqVb3Lau3+qlK/yOMowgmcwjl4cA11uIMGNIHBEJ7hFd 4c6bw4787HorXg5DPH8AfO5w9Svo0Y</latexit>
 200
<latexit sha1_base64="ob0Tx+2aNJSNTZgllZvyqIGwTMc="> AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5YkCnosePFYwX5AG8pmu2mX7m7C7kYooX/BiwdFvPqHvPlv3LQ5aOuDgcd7M8zMCxPOtHHd b6e0tr6xuVXeruzs7u0fVA+P2jpOFaEtEvNYdUOsKWeStgwznHYTRbEIOe2Ek7vc7zxRpVksH800oYHAI8kiRrDJpUvfdQfVmlt350C rxCtIDQo0B9Wv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9d LTXQbZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0/bp3VfcfrmuNiyKOMpzAKZyDBzfQgHtoQgsIjOEZXu HNEc6L8+58LFpLTjFzDH/gfP4AvGGNTw==</latexit>
280
<latexit sha1_base64="z4LR7oO2ZJ+hv3Pv1ACXLu8zF9s=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4kJJUwR4LXjxWtB/QhrLZ Ttqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO//YRK81g+mkmCfkSHkoecUWOlh2rN7ZfKbsWdg6wSLydlyNHol756g5ilEUrDBNW667mJ8TOqDGcCp8VeqjGhbEyH2LV U0gi1n81PnZJzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwpqfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6RRuCt/zyKmlVK95VpXp/Xa5f5nEU4BTO4AI8uIE63EEDmsBgCM/wCm+OcF6cd+dj0brm5DMn8AfO5w9e5o0g</latexit>
3
<latexit sha1_base64="5UmZHMip5/hTicBOcjnupRcK/D8="> AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4kJK0gh4LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq77 7aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO//YRK81g+mkmCfkSHkoecUWOlh5rr9ktlt+LOQVa Jl5My5Gj0S1+9QczSCKVhgmrd9dzE+BlVhjOB02Iv1ZhQNqZD7FoqaYTaz+anTsm5VQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc 14Y2fcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6RRuCt/zyKmlVK16tUr2/Ktcv8zgKcApncAEeXEMd7qABTWAwhGd4hT dHOC/Ou/OxaF1z8pkT+APn8wdURI0Z</latexit>
G [2e2/h]
<latexit sha1 _base64="Z0BLllllKKueXQlzJ YnJCnDyaQI=">AAAB83icbVBNS 8NAEJ3Ur1q/qh69LBbBg9QkCno seNBjBfsBSSyb7aZdutmE3Y1QQ v+GFw+KePXPePPfuG1z0NYHA4/ 3ZpiZF6acKW3b31ZpZXVtfaO8W dna3tndq+4ftFWSSUJbJOGJ7IZ YUc4EbWmmOe2mkuI45LQTjm6m fueJSsUS8aDHKQ1iPBAsYgRrI/ m3/pnnIvrong+DXrVm1+0Z0DJx ClKDAs1e9cvvJySLqdCEY6U8x0 51kGOpGeF0UvEzRVNMRnhAPUMF jqkK8tnNE3RilD6KEmlKaDRTf0 /kOFZqHIemM8Z6qBa9qfif52U6 ug5yJtJMU0Hmi6KMI52gaQCoz yQlmo8NwUQycysiQywx0Samign BWXx5mbTdunNRd+8vaw23iKMMR 3AMp+DAFTTgDprQAgIpPMMrvFm Z9WK9Wx/z1pJVzBzCH1ifP/pzk Es=</latexit>
1
<latexit sha1_base64="58N8 iZhPhP8YbIeRpqOkwM6Xbak=">AAAB6HicbVBNS8NAEJ3Ur1q/qh 69LBbBg5SkCnosePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvP lv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2j pOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6 Ed0KHnIGTVWanr9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9N zF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T 2Q00noSBbYzomakl72Z+J/XTU1442dcJqlByRaLwlQQE5PZ12TAF TIjJpZQpri9lbARVZQZm03JhuAtv7xK2rWqd1mtNa8q9Ys8jiKc wCmcgwfXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AHVN jKM=</latexit>
1/4
<latexit sha1 _base64="s+yqkvGP518SOnQ7+ r4NupiOJOQ=">AAAB6nicbVDLS gNBEOyNrxhfUY9eBoPgQeJuDOg x4MVjRPOAZAmzk95kyOzsMjMrh JBP8OJBEa9+kTf/xkmyB00saCi quunuChLBtXHdbye3tr6xuZXfL uzs7u0fFA+PmjpOFcMGi0Ws2gH VKLjEhuFGYDtRSKNAYCsY3c78 1hMqzWP5aMYJ+hEdSB5yRo2VHr zLaq9YcsvuHGSVeBkpQYZ6r/jV 7ccsjVAaJqjWHc9NjD+hynAmcF rophoTykZ0gB1LJY1Q+5P5qVNy ZpU+CWNlSxoyV39PTGik9TgKbG dEzVAvezPxP6+TmvDGn3CZpAYl WywKU0FMTGZ/kz5XyIwYW0KZ4 vZWwoZUUWZsOgUbgrf88ippVsr eVblyXy3VLrI48nACp3AOHlxDD e6gDg1gMIBneIU3RzgvzrvzsWj NOdnMMfyB8/kDVcONGg==</lat exit>
3/4
<latexit sha1_base64="JbpF wlW1UB1XdXKwg6ZSCJftIVg=">AAAB6nicbVDLSgNBEOz1GeMr6t HLYBA8SNxNAnoMePEY0TwgWcLspJMMmZ1dZmaFsOQTvHhQxKtf5M 2/cZLsQRMLGoqqbrq7glhwbVz321lb39jc2s7t5Hf39g8OC0fHTR 0limGDRSJS7YBqFFxiw3AjsB0rpGEgsBWMb2d+6wmV5pF8NJMY/ ZAOJR9wRo2VHipX1V6h6JbcOcgq8TJShAz1XuGr249YEqI0TFCtO 54bGz+lynAmcJrvJhpjysZ0iB1LJQ1R++n81Ck5t0qfDCJlSxoyV 39PpDTUehIGtjOkZqSXvZn4n9dJzODGT7mME4OSLRYNEkFMRGZ/k z5XyIyYWEKZ4vZWwkZUUWZsOnkbgrf88ipplktepVS+rxZrl1kc OTiFM7gAD66hBndQhwYwGMIzvMKbI5wX5935WLSuOdnMCfyB8/kD WM+NHA==</latexit>
0
<latexit sha1_base64="KJa6 pDgxxeogIDVidSgL+lobpZs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh 69LBbBg5SkCnosePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvP lv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2j pOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6 Ed0KHnIGTVWarr9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9N zF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T 2Q00noSBbYzomakl72Z+J/XTU1442dcJqlByRaLwlQQE5PZ12TAF TIjJpZQpri9lbARVZQZm03JhuAtv7xK2rWqd1mtNa8q9Ys8jiKc wCmcgwfXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AHPJ jKI=</latexit>
1
<latexit sha1_base64="58N8iZhPhP8YbIeRpqOkwM6Xbak="> AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCnosePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHd b6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWanr9csWtunOQVeL lpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU1 442dcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2rWqd1mtNa8q9Ys8jiKcwCmcgwfXUIc7aEALGCA8wyu8OY /Oi/PufCxaC04+cwx/4Hz+AHVNjKM=</latexit>
1/4
<latexit sha1_base64="s+yqkvGP518SOnQ7+r4NupiOJOQ="> AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgQeJuDOgx4MVjRPOAZAmzk95kyOzsMjMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChLBtXHd bye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5aMYJ+hEdSB5yRo2VHrzLaq9YcsvuHGS VeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5qVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+ TmvDGn3CZpAYlWywKU0FMTGZ/kz5XyIwYW0KZ4vZWwoZUUWZsOgUbgrf88ippVsreVblyXy3VLrI48nACp3AOHlxDDe6gDg1gMIBneI U3RzgvzrvzsWjNOdnMMfyB8/kDVcONGg==</latexit>
3/4
<latexit sha1_base64="JbpFwlW1UB1XdXKwg6ZSCJftIVg="> AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8SNxNAnoMePEY0TwgWcLspJMMmZ1dZmaFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7glhwbVz3 21lb39jc2s7t5Hf39g8OC0fHTR0limGDRSJS7YBqFFxiw3AjsB0rpGEgsBWMb2d+6wmV5pF8NJMY/ZAOJR9wRo2VHipX1V6h6JbcOcg q8TJShAz1XuGr249YEqI0TFCtO54bGz+lynAmcJrvJhpjysZ0iB1LJQ1R++n81Ck5t0qfDCJlSxoyV39PpDTUehIGtjOkZqSXvZn4n9d JzODGT7mME4OSLRYNEkFMRGZ/kz5XyIyYWEKZ4vZWwkZUUWZsOnkbgrf88ipplktepVS+rxZrl1kcOTiFM7gAD66hBndQhwYwGMIzvM KbI5wX5935WLSuOdnMCfyB8/kDWM+NHA==</latexit>
0
<latexit sha1_base64="KJa6pDgxxeogIDVidSgL+lobpZs="> AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCnosePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHd b6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWarr9csWtunOQVeL lpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU1 442dcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2rWqd1mtNa8q9Ys8jiKcwCmcgwfXUIc7aEALGCA8wyu8OY /Oi/PufCxaC04+cwx/4Hz+AHPJjKI=</latexit>
1
<latexit sha1_base64="58N8iZhPhP8YbIeRpqOkwM6Xbak=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCnosePHYgq2FNpTN dtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWanr9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lko aofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU1442dcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2rWqd1mtNa8q9Ys8jiKcwCmcgwfXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AHVNjKM=</latexit>
1/4
<latexit sha1_base64="s+yqkvGP518SOnQ7+r4NupiOJOQ="> AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgQeJuDOgx4MVjRPOAZAmzk95kyOzsMjMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChLBtXHd bye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5aMYJ+hEdSB5yRo2VHrzLaq9YcsvuHGS VeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5qVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+ TmvDGn3CZpAYlWywKU0FMTGZ/kz5XyIwYW0KZ4vZWwoZUUWZsOgUbgrf88ippVsreVblyXy3VLrI48nACp3AOHlxDDe6gDg1gMIBneI U3RzgvzrvzsWjNOdnMMfyB8/kDVcONGg==</latexit>
3/4
<latexit sha1_base64="JbpFwlW1UB1XdXKwg6ZSCJftIVg="> AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8SNxNAnoMePEY0TwgWcLspJMMmZ1dZmaFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7glhwbVz3 21lb39jc2s7t5Hf39g8OC0fHTR0limGDRSJS7YBqFFxiw3AjsB0rpGEgsBWMb2d+6wmV5pF8NJMY/ZAOJR9wRo2VHipX1V6h6JbcOcg q8TJShAz1XuGr249YEqI0TFCtO54bGz+lynAmcJrvJhpjysZ0iB1LJQ1R++n81Ck5t0qfDCJlSxoyV39PpDTUehIGtjOkZqSXvZn4n9d JzODGT7mME4OSLRYNEkFMRGZ/kz5XyIyYWEKZ4vZWwkZUUWZsOnkbgrf88ipplktepVS+rxZrl1kcOTiFM7gAD66hBndQhwYwGMIzvM KbI5wX5935WLSuOdnMCfyB8/kDWM+NHA==</latexit>
4K
<latexit sha1 _base64="VvyjW1cdKME9XGsqe UWxRM84RwY=">AAAB7XicbVBNS wMxEJ2tX7V+VT16CRbBQym7bUG PBS+Clwr2A9qlZNNsG5tNliQrl KX/wYsHRbz6f7z5b0zbPWjrg4H HezPMzAtizrRx3W8nt7G5tb2T3 y3s7R8cHhWPT9paJorQFpFcqm6 ANeVM0JZhhtNurCiOAk47weRm 7neeqNJMigczjakf4ZFgISPYWK ldR/0yuhsUS27FXQCtEy8jJcjQ HBS/+kNJkogKQzjWuue5sfFTrA wjnM4K/UTTGJMJHtGepQJHVPvp 4toZurDKEIVS2RIGLdTfEymOtJ 5Gge2MsBnrVW8u/uf1EhNe+ykT cWKoIMtFYcKRkWj+OhoyRYnhU 0swUczeisgYK0yMDahgQ/BWX14 n7WrFq1Wq9/VSo5zFkYczOIdL8 OAKGnALTWgBgUd4hld4c6Tz4rw 7H8vWnJPNnMIfOJ8/1luN6w==< /latexit>
1K
<latexit sha1 _base64="uWmpzWs0laTzfPeD0 3SbT15Nc8k=">AAAB7XicbVBNS wMxEJ2tX7V+VT16CRbBQym7VdB jwYvgpYL9gHYp2TTbxmaTJckKZ el/8OJBEa/+H2/+G7PtHrT1wcD jvRlm5gUxZ9q47rdTWFvf2Nwqb pd2dvf2D8qHR20tE0Voi0guVTf AmnImaMsww2k3VhRHAaedYHKT +Z0nqjST4sFMY+pHeCRYyAg2Vm p7qF9Fd4Nyxa25c6BV4uWkAjma g/JXfyhJElFhCMda9zw3Nn6KlW GE01mpn2gaYzLBI9qzVOCIaj+d XztDZ1YZolAqW8Kgufp7IsWR1t MosJ0RNmO97GXif14vMeG1nzIR J4YKslgUJhwZibLX0ZApSgyfW oKJYvZWRMZYYWJsQCUbgrf88ip p12veRa1+f1lpVPM4inACp3AOH lxBA26hCS0g8AjP8ApvjnRenHf nY9FacPKZY/gD5/MH0cCN6A==< /latexit>
0.5K
<latexit sha1 _base64="8UZdIgvyLzTvnv/g6 mombsaUOhM=">AAAB73icbVBNS wMxEJ2tX7V+VT16CRbBQ1l2q6L HghfBSwVbC+1Ssmm2Dc0ma5IVy tI/4cWDIl79O978N6btHrT1wcD jvRlm5oUJZ9p43rdTWFldW98ob pa2tnd298r7By0tU0Vok0guVTv EmnImaNMww2k7URTHIacP4eh6 6j88UaWZFPdmnNAgxgPBIkawsV Lbcy9Qt4pue+WK53ozoGXi56QC ORq98le3L0kaU2EIx1p3fC8xQY aVYYTTSambappgMsID2rFU4Jjq IJvdO0EnVumjSCpbwqCZ+nsiw7 HW4zi0nTE2Q73oTcX/vE5qoqsg YyJJDRVkvihKOTISTZ9HfaYoM XxsCSaK2VsRGWKFibERlWwI/uL Ly6RVc/0zt3Z3XqlX8ziKcATHc Ao+XEIdbqABTSDA4Rle4c15dF6 cd+dj3lpw8plD+APn8weyrY5e< /latexit>
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FIG. 2. a) Density plots of the electric (G) and thermal (κth) conductance, and Seebeck coefficient vs magnetic flux ΦAB and
gate voltage Vg. Length and imbalance of the ring are respectively fixed to L = 2µm and δL/L = 0.3. b) The same quantities
as in a) vs Vg calculated along the dashed-line cut (ΦAB/Φ0 = 1/2) for a few selected temperatures. The electronic drift
velocity is set to 106m.s−1.
Panel b) of Fig. 2 displays cuts of the same three
quantities for a fixed AB flux, ΦAB/Φ0 = 1/2, as a func-
tion of Vg for different temperatures. At high tempera-
tures, T = 4K, the electrical and thermal conductances
do not exhibit maximal amplitude, preventing the use of
the AB ring to fully control heat current. The Seebeck
coefficient also exhibits a smaller amplitude at T = 4K,
compared to lower temperatures, and we therefore ex-
pect lower performance of the corresponding heat engine.
This is confirmed by investigating the ZT figure of merit,
valid in the linear response regime. In Fig. 3, we show
the maximal ZT values obtained over the full parame-
ter space spanned by the AB flux and gate voltage as
a function of the imbalance of the interferometer δL/L.
These maximal values were all obtained for fluxes equal
to 0 or 1/2, but for various values of the gate voltage.
Both panels clearly show that a finite imbalance is cru-
cial to get ZT values larger than one, and therefore to
operate the gated AB ring as efficient thermoelectric de-
vice. Interestingly, the good performances of this device
are found for a wide range of length asymmetries, up to
δL/L = 0.6. It also appears that average temperatures of
0.5 K and 1 K are optimal to operate this mesoscopic in-
terferometer. The maximal ZT values at 0.1 K decrease
more rapidly when increasing asymmetry, and the max-
imal ZT values at 4K are all below the threshold value
1. Comparing now panels a) and b), it appears that
the figure of merit of this engine decreases when increas-
ing the length L of the arms of the ring, for instance
when going from L = 2µm to L = 6µm. Let us now
emphasize that the latest values of the electronic coher-
ence length in AB rings are of the order of lφ ' 6µm at
T = 1 K, and lφ ' 12µm at T = 0.5 K [39]. This experi-
mental achievement, together with the relative facility of
realizing this device with standard fabrication techniques
in high-mobility GaAs-AlGaAs two-dimensional electron
gas heterostructures, makes the AB ring very promising
for being a realistic efficient and highly-tunable quantum
heat engine, whose functioning relies on a genuine quan-
tum mechanical effect.
The AB ring as efficient quantum heat engine– To har-
vest power from the engine, we close the circuit as shown
in Fig. 1 with a load resistance RL. This load will
develop a thermo-voltage V in the steady-state regime,
which satisfies current conservation, Ic = V/RL, where Ic
is the electrical thermocurrent given by Eq. (5) circulat-
ing in the circuit. The generated thermo-voltage takes
the form V = RLGS∆T/(GRL + 1), from which the
outpout power generated by the AB ring can be directly
calculated in terms of the transport and thermoelectric
coefficients. Following Ref. [29], the efficiency as a func-
tion of the power can be expressed in terms of the ZT
coefficient, and therefore depends on the load resistance
RL through the output power:
η
ηC
(RL) =
Pout(RL)/Pmax
2
(
1 + 2/ZT −√1− Pout(RL)/Pmax) .(8)
Here ηC = ∆T/T is the Carnot efficiency in the lin-
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FIG. 3. Maximum ZT coefficient for the AB heat engine
(ZTmax) calculated as a function of ring asymmetry δL at
different temperatures T = 0.1, 0.5, 1, 4 K for a) L = 2µm,
and b) L = 6µm. For each asymmetry, the optimal ZT is
shown, reached for different values of the AB flux and gate
voltage. ZTmax largely exceeds 1, a critical value for an engine
to be considered as a promising thermoelectric device.
ear response regime and the maximum power Pmax =
GS2∆T 2/4 is achieved for a thermo-voltage being half
the stopping voltage Vs = S∆T .
We have exploited Eq. (8) to find the optimal value of
the load resistance for different temperatures, as shown
in Fig. 4 a) for T = 0.5 K. We took the maximal val-
ues of ZT and the corresponding values for ΦAB/Φ0
and Vg as shown in Fig. 3. The optimal load resis-
tances in units of the quantum resistance Rq = h/2e
2
for T = {0.1, 0.5, 1, 4} K are respectively RL/Rq =
{100, 100, 74.9, 4.6}. In the lower panel of Fig. 4, we show
the efficiency η/ηC from Eq. (8) as a function of the gate
voltage Vg for different temperatures and optimal load
resistances. Remarkably, the efficiency reaches 28.3% of
Carnot efficiency for T = 1 K and 28.6% at T = 0.5 K.
It is also interesting to note that the efficiency reaches
a similar maximum for the lowest and highest tempera-
tures, T = 0.1 and T = 4 K. However, the thermoelectric
advantage of the AB heat engine at T = 0.1 K compared
to T = 4 K is clearly demonstrated in the inset. Whereas
the efficiency reaches its maximum at maximum power
for T = 4 K as expected when ZT < 1, the maximal effi-
ciency at T = 0.1 K does not correspond to the efficiency
at maximum power.
At T = 1 K and T = 0.5 K, the efficiency at maximum
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FIG. 4. a) Efficiency η/ηC as a function of output power
P/Pmax calculated at T = 0.5 K for a few values of load re-
sistor RL. b) Efficiency vs Vg calculated for different tem-
peratures, and optimal load resistances (see text). The inset
shows η/ηC vs output power P/Pmax calculated at T = 0.1K
(blue dashed line) and 4K (black full line).
power reaches ∼ 26% and ∼ 27%, respectively. To the
best of our knowledge, the highest efficiency at maximum
power considering a mesoscopic engine has been recently
obtained in [16], and reached ∼ 29%. The corresponding
device is an interferometer built within the quantum
Hall regime, and the energy dependence of the transmis-
sion probability is induced by a time-dependent driven
mesoscopic capacitor. From the experimental point of
view, this device is much more complex compared to a
tunable AB ring, for a similar efficiency at maximum
power. However, we would like to stress out that
these two proposals demonstrate the high potential of
exploiting mesoscopic interferometric devices towards
the realization of efficient quantum heat engines. The
corresponding efficiencies at maximum power are close
to the optimal one derived for a two-terminal engine,
obtained with a box-car type transmission probability
[28].
Conclusions– In summary, we have proposed and ana-
lyzed a phase-coherent mesoscopic heat engine based on
an Aharonov-Bohm quantum interferometer. The system
can provide sizeable thermoelectric response, and large
thermodynamic efficiency at maximum power (∼ 30%)
which is close to the optimal one achievable for a two-
terminal heat engine. Under conditions which are easily
5accessible from the experimental point of view, the heat
engine is able to yield full phase and electrostatic control
of thermal and electric conductance as well as of its ther-
moelectric figures of merit. High-mobility GaAs/AlGaAs
two-dimensional electron gas heterostructures [39] are
ideal candidates for the implementation of the AB quan-
tum heat engine which is expected to lead to realisti-
cally robust performances over a wide range of system
parameters configurations. Our results suggest the AB
interferometer as the archetypal quantum platform for
the realization of unique phase-tunable heat engines and
quantum thermal machines operating at cryogenic tem-
peratures.
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